We propose a hybrid quantum-classical algorithm for quantum state tomography. Given an unknown quantum state, a quantum machine learning algorithm is used to maximize the fidelity between the output of a variational quantum circuit and this state. The number of parameters of the variational quantum circuit grows linearly with the number of qubits and the circuit depth. After that, a subsequent classical algorithm is used to reconstruct the unknown quantum state. We demonstrate our method by performing numerical simulations to reconstruct the ground state of a one-dimensional quantum spin chain, using a variational quantum circuit simulator. Our method is suitable for near-term quantum computing platforms, and could be used for relatively large-scale quantum state tomography for experimentally relevant quantum states.
I. INTRODUCTION
Identifying a quantum state is a key step to verify or benchmark any quantum processes [1] [2] [3] [4] . The quantum state tomography (QST) is a standard technology to fully identify an unknown quantum state, and is widely used in many quantum experiments [5] [6] [7] . Brute-force technique for QST however requires an exponential growing number of measurements, which could be feasible only for a very few number of qubits [8] .
Various approaches has been used to alleviate this exponential scaling in the original proposal by assuming certain structural information about the target quantum state. An outstanding class of methods is based on tensor network states [9] [10] [11] , which is known to be able to efficiently represent quantum states with bounded entanglement entropy through only a polynomial number of parameters. Thus for such quantum states only a polynomial number of measurements is required [12] . Other examples along this line include compressed sensing, which reduces the number of measurements with the assumption that the target quantum state is sparse [13, 14] , and permutationally invariant tomography [15, 16] .
Very recently, neural network models are also used to approximate and reconstruct quantum states. Unlike the above methods which made particular assumptions about the structure of the underlying quantum state, neural network based methods do not require prior informa-tion about the state, but try to encode the information of the quantum state into the a parametric neural network based on the measurement outcomes. Such examples include restricted Boltzmann machine [17, 18] , variational autoencoders [19] , adaptive neural networks [20] and unsupervised generative models [21] . As a common feature of neural network based algorithms, for an unknown quantum state, it is unclear which class of the neural network could better capture the information of the quantum state. It is thus difficult to choose a universal structure of neural network which performs well for any quantum states.
In this work, we propose a hybrid quantum-classical method for quantum state tomography, as shown in Fig 1. In the quantum part, we apply quantum machine learning [22] to encode the information of the target quantum state into a variational quantum circuit, where the number of parameters scales polynomially with the number of qubits and the circuit depth. After that, a classical algorithm based on matrix product states (MPS) is used to reconstruct the quantum state. Unlike the tensor network states based methods, a variational quantum circuit is possible to approximate highly entangled quantum states with only a polynomial number of parameters [23, 24] . Compared to neural network based methods where the states are encoded within classical neural networks, our method is more natural in representing quantum states with parametric quantum circuits.
The content of this paper is organized as follows: In Sec.II, we show the quantum part of our algorithm, namely encoding the information of an unknown quantum state into a variational quantum circuit. In Sec.III, we show how to reconstruct the quantum state with matrix product states based on the determined parameters arXiv:1912.07286v1 [quant-ph] 16 Dec 2019 of the variational quantum circuit. In Sec.IV, we demonstrate our method with numerical simulations by reconstructing the ground state of a quantum spin chain on a classical variational quantum circuit simulator. Finally, we conclude in Sec.V.
II. APPROXIMATING QUANTUM STATE WITH VARIATIONAL QUANTUM CIRCUIT
The first step of our approach is to encode the information of the unknown quantum state into a variational quantum circuit, as shown in Fig. 1(a) . The state under tomography is in general an n-qubit mixed state, which we denote asρ. To be able to fully capture the information inρ, we use a 2n-qubit variational quantum circuit C 2n ( θ) (since it is enough to purify any n-qubit mixed state with n axillary qubits [25] ), where θ contains all the parameters to be optimized. The output of the variational quantum circuit is denoted as |ψ o , which is
We can then obtain the reduced density operator of the first n qubits byρ
where tr A means the partial trace over the latter n qubits. The fidelity betweenρ S andρ can be represented by
where tr S means the trace over the former n qubits. Note that F( θ) can be efficiently computed with a quantum computer using SWAP test [26] . Our goal is then to maximize F( θ) over θ, for which we simply choose the loss function of our quantum machine learning algorithm as
Ifρ is known to be a pure state that can be written asρ = |ψ ψ|, then only n qubits is required for our variational circuit. In this case, |ψ o = C n ( θ)|0 ⊗n and Eq.(4) can be simplified as
In Fig. 1(b) we show a possible implementation of the variational quantum circuit, which is consist of interlacing layers of rotation gates and two-qubit CNOT gates. To be able to represent generic quantum states, the rotational gates generally contain both parametric rotational X (R x ) gates and rotational Y (R y ) gates, which are defined as 1: (a) The scheme of the hybrid quantum-classical approach to quantum state tomography. The quantum part is to encode the information of the unknown state into a variational quantum circuit by maximizing the fidelity F( θ) measured through the SWAP test between the reduced density matrix of the first n qubits of the output stateρ S and the unknown stateρ. Then a classical circuit simulator is used to reconstruct the state based on the determined parameters θ of the variational quantum circuit. (b) The scheme of the variational quantum circuit for state estimation. The circuit contains d layers of operations. The i th layer contains 2n single-qubit gates encoding the tunable parameters {θi,1, θi,2, · · · , θi,2n}, and a group of commuting control-not (CNOT) gate operations applied on the neighbouring qubits alternately. The parametric single-qubit gates are respectively Rx gates in the odd layers or Ry gates in the even layers. The circuit ends up with an extra layer of single-qubit operations. The latter n auxiliary qubits are unnecessary if we have the prior knowledge that the unknown state is pure.
In this circuit, each layer of CNOT gates is counted as one depth. Thus for such a variational quantum circuit with depth d, the total number of parameters is 2n(d+1) in general, or n(d + 1) if we knowρ is a pure state in advance, because we can use Eq.(5) instead of Eq.(4) to describe the target state of optimization of the variational circuit. We also note that the structure in Fig. 1(a) closely resembles random quantum circuits, which can generate statistic distributions that is very difficult for a classical computer to produce.
To iteratively update the parameters θ to minimize the loss function, a gradient-based optimization method is usually preferred. Using the chain rule, we have
The first term on the right hand side of Eq.(8) can be computed using a classical computer as long as we have obtained the output F( θ) from the quantum computer, and the second term on the right hand side of Eq.(8) can be computed using a quantum computer through [27] ∂F( θ)
where θ ± i is the array of parameters obtained by adding or subtracting the i th parameters of θ by π/2.
For one iteration of the algorithm, besides the evaluation of F( θ), it is also required to evaluate F( θ ± i ) for all 2n(d + 1) parameters to calculate the gradient. A single evaluation of F( θ) requires to execute the circuit for a constant number of times to reach a certain precision in the n-qubit SWAP test, and each execution involves around 3nd gate operations. As a result, the complexity of one iteration is O(n 2 d 2 ).
III. STATE RECONSTRUCTION WITH MPS
The variational quantum circuit would store almost all the information of the unknown state as long as the above quantum machine learning algorithm managers to minimize the value of f ( θ) to close to 0, that isρ S ≈ρ. Then we can reconstruct the unknown state by simulating the evolution by the variational quantum circuit on a classical computer. Exactly simulating this process would require an exponential amount (O(2 2n )) of memory to store the full wavefunction as a state vector. In the following we show how to reconstructρ S with matrix product states [28] . The MPS representation of the 2n-qubit state can be written as [29] |φ = σ1,...,σ2n
Each B σ l a l ,a l+1 is a rank-3 tensor, where σ l represents the physical index and a l represents the auxiliary index. Function G means summation over common axillary indices. Here we also assume that the MPS is prepared in the right canonical form, namely B σ l a l ,a l+1 satisfies
where conj(M ) means to take the elementwise conjugate of the tensor M , and δ i,j is the Kronecker matrix satisfying δ i,j = 1 for i = j and 0 otherwise. The maximum size 
The initial state of the variational quantum circuit, |0 ⊗2n , can be easily written as a separable MPS with χ = 1, which is shown in Fig. 2(a) . Then the singlequbit and two-qubit gates are applied to the MPS in a way that the right canonical form of the MPS is preserved. The single-qubit and two-qubit gate operations on MPS are shown in Fig. 2(b,c) respectively. For detailed mathematical description of these operations, one can refer to, for example [29, 30] . Note that each time a two-qubit gate is performed on a nearest neighbour pair of qubits, the bond dimension will effectively increase by a factor of χ o , which is the rank of the two-qubit operation. In case of a CNOT gate we have χ o = 2 [31] . As a result, for a variational quantum circuit defined as in Fig. 1(a) with depth d, the final MPS will have a bond dimension
After the evolution, we trace out the latter n qubits for the resulting MPS and get the reduced density matrix as a matrix product operator (MPO) ρ S = σ1,...,σn,σ 1 ,...,σ n G B σ1 . . . B σn B σ 1 . . . B σ n |σ 1 , . . . , σ n σ 1 , . . . , σ n |, 
where we have exploited the property of the MPS shown in Eq. (11) . Finally, the MPO shown in Eq. (14) contains all the information ofρ S , whose size is bounded by 4nχ 2 = 4n2 d , and the component ofρ S in a particular basis |τ 1 , . . . , τ n τ 1 , . . . , τ n | can be computed by
where the computational complexity is O(χ 3 ).
IV. NUMERICAL SIMULATION AND PERFORMANCE ANALYSIS
To demonstrate our method, we implemented numerical simulations based on a variational quantum circuit simulator [32, 33] . Although our method can be used to approximate density operators in general, here we consider the case that the target state is a unitary state. Moreover, it is the ground state of a local spin Hamiltonian, the Heisenberg XXZ spin chain 
where L is the number of spins (qubits), h is the magnetization strength, J is the tunneling strength, and ∆ is the interaction strength. We fix L = 15, h = 1, J = 1 in our simulations and the ground state is a function of ∆, which we denote as |GS(∆) .Ĥ XXZ is gapless when ∆ ≤ 1 and gapped when ∆ > 1. We then use a variational quantum circuit to approximate |GS(∆) , which contains 2 15 ≈ 3.2 × 10 4 parameters if stored as a state vector. Based on the priori knowledge that the 'unknown' quantum state is a pure state, we could simply use the loss function defined in Eq. (5) . Moreover, since |GS(∆) contains only real numbers, we only use parametric R y gates in our variational quantum circuits. We tune our variational quantum circuits with different depths to approximate the target state |GS(∆) , and the result is shown in Fig. 3 . In Fig. 3(a) , we plot the final fidelity between the output of the variational quantum circuits and |GS(∆) as a function of the depth d for ∆ = 0.5, 1 and 1.5 respectively. We can see that with only a few number of parameters, the state |GS(∆) can be approximated with a very high precision. More concretely, with a circuit depth of d = 15 (240 parameters), we could reach a fidelity of above 99.1% for all the three cases. Also we notice that for larger value of ∆, we need fewer number of parameters to reach a similar precision. This meets the expected since in that case the entanglement of the system is bounded and can even be efficiently simulated classically [34, 35] . In Fig. 3(b) we plot the loss function against the number of iterations. In particular, we find a precision of f ( θ) ≤ 0.05 could be reached with N iter = 50, 44, 34 and a precision of f ( θ) ≤ 0.01 could be reached with N iter = 240, 209, 206, for ∆ = 0.5, 1, 1.5 respectively.
V. CONCLUSION
In this work, we proposed a hybrid quantum-classical method for quantum state tomography. The quantum part of our method utilize quantum machine learning to encode the information of the unknown quantum state into a variational quantum circuit, which requires only a polynomial number of gate operations for a quantum computer and hopefully can be executed on near-term quantum computers. Then based on the parameters of the variational quantum circuit, we use matrix product states to reconstruct the unknown quantum state on a classical computer. The final density matrix will be stored as a matrix product operator. The classical complexity in both time and space within this step will in general grow exponentially with the circuit depth, but only linearly with the number of qubits. It's also worth noting that our method is equally applicable to both pure states and mixed states. To demonstrate our method, we apply it to approximate and then reconstruct a 15-qubit ground state of a local spin Hamiltonian based on a variational quantum circuit simulator and show that a high fidelity could be reached with a relatively small number of variational parameters and iterations.
